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1 Introduction 


In this paper, we give the white noise calculus for the Fermion system and prove the Fock 
expansion for any continuous linear operators from the space of test functionals to the space of 
generalized functionals. 

To the beginning, we mention the motivation of this study. Our white noise calculus intro¬ 
duced by T. Hida in 1975 is the theory for the space £ of test functionals and the space £* of 
generalized functionals on the infinite dimensional space, for (continuous) linear operators from 
£ to £*. In quantum mechanical physics, the white noise calculus provides us with a framework 
of an analysis for the Boson system. (See (Sj.) In the Boson system, we can represent a contin¬ 
uous linear operator S from £ to £* as a series of integral kernel operators. This representation 
of E is called the Fock expansion. The Fock expansion is formulated by T.Hida, N.Obata and 
K.Saito in [I], The Fock expansion is applied for determining the commutant. For example, N. 
Obata 53 used the Fock expansion to obtain the characterization of rotation invariant operators 
on white noise functionals. Moreover, in [JJ, the author showed irreducibility of the energy 
representation of a group of C^-mappings from a compact Riemann manifold to a semi-simple 
compact Lie group. 

As mentioned above, we hope the existence of the Fock expansion for the Fermion system 
since the Fock expansion is useful for determining the commutant. (In fact, we apply the Fock 
expansion for the Fermion system to the implementability of Bogoliubov automorphisms of 
canonical anti-commutation relations algebra, and we have a partial solution now. In another 
paper, we will be able to see an application of the Fock expansion.) As for the white noise 
calculus for the Fermion system, Y. Liao and K. Liu [I] introduced it and showed Ito’s product 
formulas for creation, annihilation, and number processes when the one particle space is L 2 (R). 
In this paper, we define the white noise calculus for the Fermion system when the one particle 
space is an abstract Hilbert space. Moreover, we prove the Fock expansion of continuous linear 
operators for the Fermion system. 

Next, we describe an outline of the proof of the Fock expansion for continuous linear operators 
on the Fermion Fock space. Since a pair of Fermions behaves like a Boson, we can show the 
Fock expansion for the even part of the Fermion system and extend the result of the even part 
to the whole of the Fermion system with the help of the canonical anti-commutation relations 
for creation and annihilation operators. 

This paper is organized as follows. In section 2, we make the Gelfand triples for the even 
part, odd part, and the whole of the Fermion system and define S-transform of generalized white 
noise functionals for the even part of the Fermion system. In section 3 and 4 we give the Fock 
expansion for the even part of the Fermion system. In section 5, we extend the Fock expansion 
obtained in section3 to the whole of the Fermion system. 

2 ^-transform 

In this section, we make Gelfand triples for the Fermion system and define the S-transform of 
generalized white noise functionals for even part of the Fermion system. 

Definition 2.1. Let H be a complex Hilbert space with an inner product (•, -)o- Let A be a 
self-adjoint operator defined on a dense domain D(A). Let {Aj} jG N be eigenvalues of A and 
{ejjjgN be normalized eigenvectors for {Aj}j G n, he., Aej = \ 2 e j > j E N. Moreover, we also 
assume the following two conditions : 

(i) {ejljgN is a C.O.N.S. of H, 


2 


oo. 


(ii) Multiplicity of {Aj}j g N is finite and 1 < Ai < A 2 < ... 

Then we have the following properties. 

(1) For p £ R>o and x, y £ D(A P ), let (x,y) p := (A p x, A p y)o. Then (-, -) p is an inner product 
on D(A P ). Moreover, D(A P ) is complete with respect to the norm | • | p , that is, the pair 
E p := ( D(A P ), | • |p) is a Hilbert space. 

(2) For q > p > 0, let j pq : E q E p be the inclusion map. Then every inclusion map is 
continuous and has a dense image. Then {E p ,j Ptq } is a reduced projective system. 

(3) A standard countable Hilbert space 

E := lim E p = |^| E p 

p> 0 

constructed from the pair ( H , A) is a reflexive Frechet space. We call E a CH-space simply. 

(4) From (3), we have E* = lim FI* as a topological vector space, i.e. the strong topology on 
E* and the inductive topology on lim E* coincide. 

(5) Let p £ R>o and (x,y)- p := (A~ p x, A~ p y) q. Then (■, -)_ p is an inner product on H. 

(6) Let E- p be the completion of H with respect to the norm | • |_ p . For q > p > 0, we 
can consider the inclusion map i- q ,- p : E- p c —> E- g . Then {E_ p , i_ 9i _ p } is an inductive 
system. Moreover, E_ p and E* are anti-linear isomorphic and isometric. Thus, from (4), 
we have 

E* = lim E_ p = (Je„ p . 

p> 0 

Furthermore, we require for the operator A that there exists a > 0 such that A~ a is a 
Hilbert-Schmidt class operator, namely 

OO 

5 2 :=J2 X j 2a <°°- (2T) 

3 =1 

From this condition, E (resp. E*) is a nuclear space. Thus we can define the 7r-tensor topology 
E (g),,- E (resp. E* <8)^ E*) of E (resp. E*). If there is no danger of confusion, we will use the 
notation E ® E (resp. E* <g) E*) simply. 

We denote the canonical bilinear form on E* x E by (-,■). We have the following natural 
relation between the canonical bilinear form on E* x E and the inner product on H : 

(f,g) = (Jf,g) 0 

for all / £ H and g £ E. Jf £ H is the complex conjugate of / £ H. 

Definition 2.2. Let A be a Hilbert space, or a CH-space. 

(1) Let gi, ... , g n £ X. We define the anti-symmetrization A n {gi <8>... <g> g n ) of g\ <S> ■ ■. <8> g n £ 
as follows. 

An (gi <8> • ■ ■ <8> g n ) := gi A ... A g n := ^2 sign((j) 5 <T ( 1 ) (g)... <g> g a{n) , 

where & n is the set of all permutations of {1,2,..., n}. 
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(2) If / £ X 0n satisfies A n {f) = /, then we call / anti-symmetric. We denote the set of all 
anti-symmetric elements of X® n by X An and we call X An the n-th anti-symmetric tensor 
of X. If X is a Hilbert space, then A n is a projection from X 0 " to X An . 

(3) Let X be a CH-space. For F £ (x 0n )* and a £ 6 n , let F a be an element of (X 0n )* 
satisfying 

(F a ,gi ® • • .®g„) ■■= (F,g a - i(i) <g> .. • <8>&r-i(n)) » 5* £ 

Then we dehne the anti-symmetrization A n (F) as follows. 

A n {F) := — sign (a)F a . 
n\ z — J 

cre&n 

(4) If F £ (x 0n )* satisfies A n (F) = F, we call F anti-symmetric. We denote the set of all 
anti-symmetric elements of (x 0n )* by ( X An )*. 

From the above discussion, we obtain a Gelfand triple : 

E C H C E*. 

Lemma 2.3. Let H be a Hilbert space. 

(1) Let 

(fl® ...® fn,gi®---®gn)o ■ = (/l,5l)o---(/n,5n)o 
for fi, gj £ H, i,j = 1,2,... ,ra. T/ien 

(/l A ■■■ A /„,(?, A ... A 9 „)„ = 4det ((/.,»)„),«.,<„ . 

Moreover A n is a projection with respect to (•, -)o- 

^ For / £ I2 An and g £ H Am , we have 

1/ A5| 0 < |/| 0 Ifflo - 


Next, we dehne the Fermion Fock space and the second quantization of a linear operator. 
Definition 2.4. Let id be a Hilbert space and A be a linear operator on H. 

(1) Let 

12 ™ 


r(tf) := 


ti=0 


n =0 


:= ^n! \<f> n \l < Too } , 
o n =0 


oo oo 


= X n '(<t>n,ll)n) 0- 

\n=0 n =0 / o n£Z>g 

Then we call T(iL) the Fermion Fock space. The Fermion Fock space T (H) is a Hilbert 
space with respect to the inner product (-, -)o- Moreover let 


r +(H) := fan G id A(2n) , X(2ra)! |</» 2n | 2 < Too l , 

1 72=0 72=0 J 

f OO oo 

r-(iL) := ^ 2 „+i I fan+i € LT a ( 2n+1 ), ^(2nT 1)! |0 2 n+ilo < +°o 


, n.=0 


n=0 


Then we call r + (i2) (resp. T (H)) the even part of the Fermion Fock space (resp. the 
odd part of the Fermion Fock space). 
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(2) We call 


T(A) := A® n 

n=0 

the second quantization of A. Let 

r + (,4) := r(A)\r + (H), r~(A) -.= t(a)\t~(h). 


Definition 2.5. Let H be a complex Hilbert space and A be a self-adjoint operator on H 
satisfying the conditions (i) and (ii) in Lemma 12.11 and CO- Then we can define a CH-space 
£ constructed from (T(H),F(A)) and we obtain a Gelfand triple : 


£ C T(H) C £*. 

Moreover, let £ + (resp. £_) be a CH-space constructed from T + (H)) (resp. r - (H))) 

and we obtain Gelfand triples : 

£+ C T+(H) C £* + , £. CT~{H) c£*_. 


Then an element of £ (or £ + , £L) is called a test (white noise) functional and an element of 
£*(or £1, £*_) is called a generalized (white noise) functional. 

Corollary 2.6. Let := ( t )n e ^(iL), 4> n E H An . Then <j) £ £ if and only if <f> n £ E An for 

all n > 0. Moreover, it holds that 

OO 

UWl := llrMJ^IlS = < +oo 

n=0 

for all p > 0. We can also show this statement in case of cj> £ T + (H) and cf £ L~(H). 

Remark 2.7. Let H be a Hilbert space. Then £ A ?y = 77 A £ for r/ £ iL A2 . Thus we can define 
£ An , n > 0 for all £ £ iL A2 . This shows that a pair of Fermions behaves like a Boson. 

Definition 2.8. For any f £ H A2 , we define an element e + (C) £ T + (H) as follows : 


oo 1 

-(£) : = V"-C An 

(2n)P 


n =0 


We can check the well-definedness of e + (C) easily. 

Corollary 2.9. If f £ E A2 , then e + (C) £ £+■ 

Proof. Since 

\<t>® V’lp < MpMp 

for all <f £ E®*, if £ E® m , and p > 0 (see Lemma. FOI L we have 


ica < ici; 


for all f £ E A2 , p > 0. Thus 

OO 

l! e+ K)lll = E( 2 «) ! 


72—0 


72 


(2n)! 


OO OO ^ 


n =0 


2n 

P 


n=0 


This implies e + (C) £ £+. 


exp(Klp)- 
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Proposition 2.10. Let H be a Hilbert space and S := {e + (C)IC £ H A2 }. Then span c [5] is a 
dense subspace ofT + (H) with respect to the norm ||-|| 0 . Moreover, for S' := {e + (C)IC £ E A2 }, 
spanks' 7 ] is a dense subspace of £ + with respect to the topology of £ + . 

Proof. We prove that span c [S"] is a dense subspace of £ + first. Let {ei}f£ 1 be a C.O.N.S. of H 
satisfying the conditions (i) and (ii) in Lemma [2d] and (EH). For 

C . A "L • • • T ^*2n-l A ^-*2n ^ E * 

we have 

C An = n! ej r A e i2 A .. .Ae i2 „. 

We note that {(A^ ... A i 2n )~ p ei 1 A ... A ei 2n \ i\ < ... < i 2 n } is a C.O.N.S. of a Hilbert space 
E An . This implies that span c [{£ An |C € E A2 }} is a dense subspace of E p n ' with respect to the 
norm | ■ \ p for any p > 0, i.e., 

E^n) = ( E A 2) An = [{ £ A ™ | £ £ ^A2|]_ ( 2 . 2 ) 

On the other hand, we can check that £ An , C £ E A2 are elements of the closure of span c [S' / ] 
with respect to the norm | • | p for any p > 0, i.e., 

C An G span c [S ,/ ]. (2-3) 

We show (TO) by induction on n > 0. For n = 0, (TO) follows from 

C A0 = 1 = e + (0) G S'. 

Now we assume (I 2.311 for n = 1, 2,... , r. Then £ A ( r+1 ) £ span^S"] follows from 

< A(r+1) = C2r + 2)1 IH| p -limW (V(A) - £ 

Thus we have Pm for all n > 0. (I~2~2l) and f2l imply 

span c [5'] = span c [{C An |C £ E + ,n G Z> 0 }] = (L>(r + (H) P ), ||-|| p ) 

for all p >0. Thus span c [5'] is a dense subspace of £ + with respect to the topology of £ + . 

In the same manner, we can show that span^S 1 ] is a dense subspace of T + (H) with respect 
to the norm ||-|| 0 . I 

Definition 2.11. For <b G £+, we define a function on E A2 as follows : 

(S$)(C) :=<<*> e+ (0», (eE A2 . 

Then we call S& the S-transform of T. 

Corollary 2.12. Let <h = e £+■ Then 

OO 

(5$)(C) = £<*2n,C An ), C G E A2 

n— 0 

and the right hand side converges absolutely. 
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Proof. If p > 0 satisfies ||$||_ < +oo, then 


OO OO ^ 

EK^.OIsE^ill^l-p^lcn 

n =0 n =0 Vi )' 


E^I-M-p] (Ep^KI? 


< ll^ll-pexp f -ICIpJ < +oo. 


Proposition 2.13. For any f,i] G E A2 and $ G £1, a function 


C 3zh S$« + V) G C 


is holomorphic in C. 

Proof. Let $ = ($2n)£L 0 - Th en 


(S$)(z( + r ] ) = J2(<S>2n,(z( + r 1 ) An ) 


oo n / \ 

EE( 1 ) Z k (*2n,C Ak *V A{n ~ k) ) 
n= 0 k =0 ' 


EE 

fc=0 \n=0 


n + k 


<S>2(n+k)X Ak F V An ) Z k 


Now let 


: =E("£* )(**»+*>. C'W”) 


and we show that the radius of convergence R is infinite, that is, 


|afc| satisfies 


1 , 

— = Inn sup \ak\ k = 0. 

Ah—>oo 




n =0 

ICISG- 


'{n + k)l | < h 2 ( n +fc)|-p‘ 


'{n + k)l 


l \'i\ P 


\r\k ( 00 

^ 1 f E( n + fc ) ! l $ 2(n+fc)l 

\n=0 


2 V (V ^ n + fe ) ! |7?| 2w 

-p \2s n!n! 

/ \n=0 


lAlfc / oo 

^( 2 n + 2 fcp 2M )l- 

\ ra =0 

= i|ii*ii-pfE^i< 


(n + fc)! 2 n 
n!n! 1 /lp 


7 



Since we have 


f2^±3l t n <(t + k) k e W t 


n =0 


n!n! 


for all t > 0 and k £ Z>o(see Lemma 3.2.9 of 0), it holds that 


ICIf 


l«Jfe| < \M-p(\v\l + k)i exp ) . 

If we note that k k /kl < expfc, i.e., 


expW ’ 


it holds that 


\a k \ k < |Clp ||^||-p 


J\v\p + k / i \ 

— 1 —«p(i + s I>?Ip)-0(* 


OO 


3 Fock expansion for the even part of the fermion system 

In order to discuss integral kernel operators, we define a contraction of tensor product. 

Definition 3.1. Let H be a complex Hilbert space and A be a self-adjoint operator on H 
satisfying the conditions (i) and (ii) in Lemma l 2 . 1 l and (I 2 . 11 ) . Let 

e(i) := e h <g>.. . ® e iv i := (n, ... ,ii) £ N ; . 

(1) Let l, m € N. For F £ (E ® g + m '>)*, let 

\ F \lm;p,q '■= X I e(i) ® e(j)) | 2 | e(i) Ip I e(j) |\ 

ij 

where i and j run the whole and N m respectively. 

(2) Let l, n E N and m E Z>o- For F E (.E® (*+"»))* and g E we define a left 

contraction F g E (i£®( i + re ))* Q f ^7 anc [ g as follows. 

F g ■= X ^X ® e (j)) ( g - e W 0 e ( k )) j e 0) ® e ( k ) 

where i, j, and k run the whole N m , N*, and N" respectively. Similarly, we define a right 
contraction F ® m g E (L®( i+n ))* of F and g as follows. 

F® m g:=^2 ^X ( F > e (j) ® e(i)) (. g , e(k) ® e(i)) j e(j) ® e(k) 


where i, j, and k run the whole N m , N ; , and N n respectively. 





We check the well-definedness of the contraction. Let p be the operator norm of A 1 , that 
is, p is the inverse of the first eigenvalue of A. We remark that 


|e(i)|-p|e(i)| p = 1 


and 


|e(i)| p < p nr \e{i)\ p+r 

for all p G R, r > 0 and i G N" . Then we have 


\F® m g \ 2 

= \F® m g\i n , 


•p,p 


E 

j,k 


Y {F, e(i) < 8 » e(j)) {g, e(i) ® e(k)) |e(i)|_,|e(i)|«; 


l e (j)lp l e (k)|j 


<Y (^K^,e( i )(g)e(j)>| 2 |e( i ) 


2 

-<? 


j,k 


2 

p+r 


x |<< 7 , e(i) <g> e(k))| 2 p 2 mr \e(i)\g +r J \e(j)\ 2 pP 2nr |e(k)| 

__ 2(m+n)r\rp\2 | |2 

1 T q,p\g\m,n-,q+r,p+r 

< 2{m+n)r\rp\2 | |2 

— r T 5,pli>Imaxjp^l+r - 

for F G a nd g £ Therefore F (g) m g G (F®^ +n ))* and we obtain 

Lemma 3.2. Let F G (E^ l+m ^)* and g G F®( m+n ). Then 

\F® m g\ p < P {m+n)r \F\ m ^ q Jg\ m ^ {pM+r , 

\F <8>rn g\p E ^ iFl^m;^— ql^lmaxjp.ijj-l-r 

/or any p G R, 9 G R, and r > 0. 

The following lemma is easily checked. 

Lemma 3.3. For F G (F®^ +m ))* and g G F®^ +n ), put 

F A m g ■.= Ai +n (F ® m g ), 

F A m <7 •— “di+n(F (7). 

T/ien F A m 77 and F A m g are elements of (F A ^ +n ))*. If F G (F A<7+m ))* and g G E A ( l+n \then 

F A m 77 = (—l) m(;+n) F A m 77. 


T/ms t/ie te/t contraction F A m 77 coincides with the right contraction F A m g if m is an even 
number. 

Since a map A n : F® n —> F An is a projection commuting with A® n , we can show the 
following lemma easily. 
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Lemma 3.4. Let F g (£ A 0+™))* ; g g £ A ( m+n ). T/ien 

I F A m 5 | p < p (m+n)r |^U,i;- 9 ,p|9| m a. {M} +r, 
l-^ 1 A m ^f|p < ^ \-^'\l,m;p,—q\9\max{p,q}+r 


for any p € R, q E R, and r > 0. 

Put 


fymWO = e ( i ) 0 e (j)) e 0) ® e (i)’ 


ij 


where i, j run the whole and N m respectively. 

Lemma 3.5. Let k € (E®( l+m 1)*, if g and (f G £»(»"+"). T/ien 


(«0m 0,^) = (M/,n(V’) 0)- 


Proof. It is easily checked that 

((e(i) 0 e(i')) 0 m (e(j) 0 e(j')), e(k) ® e(k')) 

= (e(i) ® e(i'), (e(k') 0 e(k)) 0 n (e(j) 0 e(j'))) 

for i, k g N z , i', j' G N m , j, k' G N n . Thus 


(«<8) m (f,if) 

■= 0 e ( i, ))(^ > > e (j) ® e(j'))(V’,e(k) 0 e(k / )} 

x ((e(i) ® e(i')) 0 m (e(j) 0 e(j')), e(k) 0 e(k')> 
= (Mj,n(V0 0 n <f) 


Corollary 3.6. For k € (£® 2 0+ m ))* ? if g ^ A2 ^+ n ) and </> € E® 2{ ~ m+n \ we have 


(k 02 m 4>,lf) = («, if 0 2n 4>) ■ 


Moreover, if (f € £' A2 ( m + n ) ) then 


(K A 2m <f, if) = (K, if 0 2n 0)- 

Proof. This corollary is easily checked. I 

We mention continuity of linear operators on locally convex spaces before discussing integral 
kernel operators. 

Lemma 3.7. Let X and Y be locally convex spaces with seminorms {| • \x,q}qeQ and {| • | Y,p}peP 
respectively. Let C{X,Y) be the set of all continuous linear operators from X to Y. Then a 
linear operator V from X to Y is in C(X, Y) if and only if, for any p G P, there exist q G Q 
and C > 0 such that 

\Vx\ Y ,p < C\x\ x ,q, xeX. 

Now we define an integral kernel operator. 
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Proposition 3.8 (Integral kernel operator). Let k G ((E A2 )®( z + m ))*. For <j> := E“=o ^ G 
£+, <pn G ^ A ( 2n ) ; Zei 

A(2n + 2m)! 

»(«)0 : = 2w 




n =0 


(2n)! 


-K A 2 m 0m+n • 


Then 


l-\-m 


|3|,»(«Wl r < p-n(2/) 2, (2m) 2 "^ I - I M a , 2m;p ,_„ ll^l| m „ {p ,, }+ . (3.1) 

/or 4> G £ + , p, q G R, and r > 0. That is, E/ m (/{) G £(£+,£+). We call Hj )m (re) an integral 
kernel operator with a kernel distribution k. 


Proof. Let p 6 R, g 6 R, and r > 0. We have 


< 


£ ( (2n p n )”‘ )! ) 2 (2n + 21) V l ’'"l*ll,2„; p ,-^ m+ »£« {p ,, >+P 


n=0 

= |k 

r 2i, i2 


2 y> (2n + 2m)! (2n + 2/)! Arn 2 yu 12 

2l,2m;p,-q 2_^ (2n)\ (2n)\ P + m LI < rm+n| max ( Pi , ? } +r 

n=0 ^ ^ / 


— M \ K \2l,2m;p,—q ll^llmaxlp.gj+r ’ 


where 


M := sup 

n>0 


(2n + 2Z)!\ 2 /(2n + 2m) !\ 2 2rn 
(2n)! J ( (2n)! J P 


< 


f sup (2n + 21 )... ( 2 n + l)p 2rn ^ (sup ( 2 n + 2m )... ( 2 n + l)p 2rn 


Since 


n>0 


sup (x + m)... (x + 1 )p cx < p 2 m r 

x>0 


P 


for any c > 0, m G N (See Lemma 4.1.6 of m, we have 


—ce log p 


l+m 


M < p~^{{2l) 2l {2m) 2m )^ 


P 


—re log p 


Therefore 03 holds. 

Note that the following map 

{E m{l+m)y 5 ft i > S i>m ( K ) G £(5+,5;) 


(3.2) 


is not injective. We define 


1 

l\m\ 


22 sign(fj i) sign ( 02 ) n a , 

<T=((T1,(T2 )£6(X6 m 
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where n a is defined in definition 12.21 13). Put 


(E ®d+m) ):itftm) _ {K € (E ®«+"•))• | A m( „) = «}, 

(“alt” stands for “alternative”.) 

Lemma 3.9. The map 

3 K » £,,„(«) 6 C(£ + ,£l) 

is injective. Moreover, for n G ((F A2 ) lg ’^ +m ))* and k,' G ((£i A2 )®( i '+ m, )) > ifEi jm (n) = E;g m /(«/)?, 
f/ien l = V, m = m', and ^ 2 Z, 2 m(«) = ^2«,2m(^ / )- 

Proof. See proposition 4.3.6 of [HI - I 

We also note the following corollary of Proposition 13.81 

Corollary 3.10. Let k G ((p; A2 )®( z + m ))*. Then Ez >m (/c) G £(£+, r + (lf)) if and only if k 
is in H a ( 21 ^ 0 (T A ( 2m ))*. /n other words, E^ m (n) G £(£_(_,£+) is extended to an element of 
C(T + (H),£f_) if and only if k is in {E A ^)* 0 ih A ( 2m ). 

Proof. Let k be in H A ( 21 ') 0 (Ti A ( 2rn ))*. Then Ei m (n) G £(<f + ,r + (Lf)) follows from (I 3.11) . 

Conversely, let S i >m (K) G £(£+, r + (lf)). From the definition of an integral kernel operator, 
we have 

((S fn)) = (2/)! (2m)! (re, fy 0 if m ) (3.3) 

for all cfi G E A ( 2l \ G E A ( 2m \ Due to continuity of Ej jm (/c), the left hand side of (I 3.31) is 
defined for cfi G H A ^ 2 \ Therefore k is in H A ^ 0 (£' A ( 2m ) )*. I 

We are now able to see the Fock expansion for the even part of the Fermion system. 

Theorem 3.11 (Fock expansion). For any E G C(£ + ,£f), there exists a unique {ni 1 m\Y > m = o> 
€ ((^ A2 ) 0(/+m) )* lt(2/ 2m) such that 


£j(f) ^ ^ 4* ^ ( 3 * 4 ) 

l,m =0 

where the right hand side of fH converges in £f. 

If Eg £(£+,£+), then 

€ F a(2 ° 0 (V^)* , l, m > 0 

and the right hand side of m converges in £ + . 

We prove Theorem 13.Ill in this section and the following section. First, we prove algebraic 
part of Theorem 1.3.1 1 1 We define a contraction operator. 

Lemma 3.12. Let 

c(l , m; n){x) := 0 e (j)) ® ( e (*) ® e ( k ))>^ e 0 ) ® e(k), 
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where x £ E®( l+m ^ and i, j, k run the whole N n , N ; n , N m n respectively. We call 

c(l,m;n ) £ £(E®( l+m \ E ®<- l+m ~ 2n) ) 

a contraction operator. Contraction operators satisfy the following relation. 

c{l — n\,m — 77-1 ; n- 2 )c(l, m ; n\) = c(Z, m; ni + 712 ). 

Moreover, 

c(l,m-n)*\ E w-n) (S){E mm-n )r £ 0 (£»"*)*). 

Proof. Since 

|(x,e(i) ® e(j) ® e(i) ® e(k))| < |x| p+a |e(i) ® e(j) ® e(i) (g) e(k)|_ (p+a) 

— I ^ |p+CK I e (i) I — a | e (j) | — (p+a) l e ( k ) I — (q+a) 

for x £ E®^ l+m \ p > 0, i £ N n , j £ N /_n , and k £ N' m_n , we have 

2 

\c(l,m-,n)(x)\l rn . ptq = Y^ ® e (j) ® e ( k )) l e (j)lpl e ( k )lg 

j,k i 

< \x\l +a ^^\e(i)\ 2 _Je{j)\l a \e{k)\ 2 _ a 

j,k i 

_ r2(7—n)+2(m—n)+2ni |2 

0 HI p+cc 

This implies continuity of the linear operator c(l,m;n ) from E®d+ m ) to E^ l+m ~ 2n \ 

Next, we consider c(l, m; n)*. For each p > 0, there exists q £ R such that \x\i_ ntm _ n . p _ ma x{p+o,q}-a 
is finite. Then 


\c{l, 171 , Tl) _ ma x{p+a,q}—« 

= ^2 l( x > c(Z,m; n)(e(i) ® e(j) (g) e(i / ) ® e(k))| 2 

ij.k.k' 

x |e(i) ® e(j) ® e(i') ® e(k)| 2 m;p _ max{p+Q)(z} _ a 


I l—n,m—n;p,— max 


{p+Q!(?} _ a 5Zl(e(i),e(i , ))| 2 |e(i)|p|e(i / )| 


— max{ p+a,q}—a 


— I" 6 \l—n,m—n\p,— max 


(p+a.ql—a ^ ^ l e (^)l —(p+q) ) lp+a l®(^) Ip I )l— max (p+a,q}—a 


< 5 4n 


x 


2 

l—n,m—n;p,— ma x.{p+a,q}—a' 


for all x £ ® (£»("*-"))*. Here i, i', j, k run the whole N n , N n , N*“ n and N m “ n 

respectively. Therefore the restriction of c*(l, m; n) to E®^ l ~ n ^ ® (_g®(m-n))* is continuous linear 
operator from ® (£®(™-™))* to 0 , 

Definition 3.13. Let H £ £(£+,£1). We dehne a continuous linear functional Ki jTn on E A ^ ® 
E A ( 2m ), i.e., K^ m £ (£ a ( 2 0 ® Z,m £ Z>o inductively as follows : 


(2Z)!(2m)! 


min{7,m} 

(((S® l)*r,x)) - ^ 


c(2Z, 2777-, 2?7-)(x)) 
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for x £ £) a ( 2 0 (g> F A ( 2m ). Here r £ £ + ® is defined by 

r(tf<8>^) = «*,<£)), T £ £+, <f> £ £+. 

(Continuity of is considered in the following section.) When x = ipi®(j)m £ E A ^ ®E A ^ 2m \ 
(I 3.51) implies 


This shows 


minj/.m} . , . . , 

, \\ V- 2/ ! 2m ! 

{{-9m, W) = 2 ^ 

n =0 

min{Z,m} 


(2n)! 


{^l—n,m—m c(2 l, 2,171, 2n){lpi ® 0m)) 


(2l)\(2m)\ . 2 n i \ 

/ Tmi (^4—n,m—n; 0Z ® 0m) 


n =0 

min {l,m} 


(2 n)\ 


E < 2i )! 


n=0 


(2m) 


'm—n A 2m—2n 4 > m’> ipi) ■ 


((Ec/), ill)) = ^ (( S 0m, 0/)) 

l,m =0 

oo min{/,m} 


l,m=0 n =0 
oo oo 


(2m)! 


E E ( 2 0!<Sr«i- n,m—n ^2m—2n 4*mi 'Ipl 


(2n)\ 


\—^ x—■> / j \ i / (2?77/ + 2n)! 

/ v “1“ 2 ti). y ToTTVi ^ l,m ^2m tym+m w/+r 


l,m =0 n=0 
oo 


(2n) 


2 ^ ((‘—'Z,m(^Z,m)0L 
l,m =0 


for 0 = Ylm&m, 0 = e 0m £ E A ( 2m \ ifi £ E A ( 2l \ Thus we obtain the formal or 

algebraic part of Theorem IT 111 It is helpful to give another algebraic expression of Ki m before 
proving the analytic part of Theorem IT 111 This expression is used in Lemma 14.1)1 
Let 

Ki m : = y2 — 0 ra ' c (2l,2m-,2n)*(Ki- n m - n ) (3.6) 

^ ^ 2n)! 

for all l, m £ Z>o- (Ki m is related to the symbol of H. The “symbol” of His defined in Definition 

O) 

Lemma 3.14. Let 


n fe := {(fci, • • •, kfi) £ N* 1 1 £ {1,2,..., min{Z, m}}, fci + ... + k t = k} 


for k £ N. For (&i,..., kt) £ n^, put 

A{k \,..., A:^) := Jffk~f- C ^' 2m; 2A0 i,Ki_j t m _]f), 

&{k i, • • • , ^t) ■ (9/i52T 2/j) (^Z—fc,m— fc)- 
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(1) It holds that 


min {l—k,m—k} 


«(A'i...., /»•/) = 


(2) From (1), we have 


(21 — 2k)\(2m — 2k)\ 


A(ki,...,k t ) - ^2 a (ki,... ,k t , n). 


71=1 


1 


^l,m — 


(2l)\(2m)\ 

min {/,m} 


Ki, 


+ E 


i 


E 


(-i)* 


(21 - 2k)\(2m - 2k)\ , 
k= i v ; v ’ \(ki,...,k t )en k 

x c(2/,2m;2/c)*(A"/_fc,m-fc) 


(2fci)!...(2A^)! 


/or all l, m G Z>o with min{Z,m} > 1. 


1 


^Lm — 


(2l)\(2m)\ 


K, 


Lm 


holds if minium} = 0. 
Proof. (1) Since 


min{Z,m} 


1 _ ^ 

= (9.1V(9™V Kl ’ m ~ E T^/W C ^ 2 ^’ 2m; 2n ^* ^ K l-n,m-n) 

n= 1 ' ' 


(2l)\(2m)\ 
from the definition of Ki m , we have 


a(h,.. .,k t ) 

1 


(2k 1 )\...(2k t )\ 

1 


c(2l,2m.;2k)*(K,i- k , m -k) 

c(2l, 2m; 2k) 

1 


1 


(2 fci)!... (2 kt)\ \(2l-2k)\(2m-2k)\ 

min {l—k,m—k} 


(Kl—k.m—k) 


n{ l 'l 

'y (2n)\ *^ 2 ^ _ 2 ^’ 2 ^ _ 2 ^’ 2 ^^ l—k—n,m—k—n ) f 

n=l \ r ) 

1 


(2/ - 2k)\(2m - 2k)\ 


min {l—k,m—k} 

A(k\,...,k f ) ^2 a(k\,... ,k t .n). 


71=1 


(3.7) 


15 



(2) is proved immediately since we have (I 3.711 and can show 


c{2l,2m, 2k\) {ni—i :irn —i ill 
= a(ki) 

1 


{21 — 2k\)\(2m — 2k\)\ 


A{k\) 


+ (-l) 

+ ... 

(-I) 4 ' 1 


{21 - 2k\ - 2k 2 )\{2m - 2k x - 2k 2 )\ fc _ ] 

1 

{21 - 2ki - ... - 2k t )\{2m - 2k[ - ... - 2k t )\ 
min{Z— ki,m— k\} mm{l—ki — ...—kt—i,m—ki — ...—kt—i} 

x E - E 


min{Z— k\ ,m—ki } 

J2 A{k \, k 2 ) 


1 


k 2=1 

by using (1) inductively. 


kt =i 


{2k 2 )\...{2k t )\ 


A{ki,...,kt) 


4 The proof of the analytic part of Theorem 13.111 

In this section, we prove the analytic part of Theorem 13. 111 

Definition 4.1. For S 6 £(£+, let 

S(C,»7) := «=e + (C),e + (r/))) , (,r/ £ E A2 . 

Then we call E the symbol of E. 

Proposition 4.2. For any Cl> C2, hi> ??2 £ E A2 , a function 

C 2 9 (z,«;) E«i + C2, «ir/i + 772) G C 

is holomorphic in C 2 . 

Proof. This statement follows from proposition 12.1 Hi and 

S«i + C2,i«??i + h2) = S(Ee+«i + C2))(«Ti + ^ 2 ) 

= 5(E*e + (u?r/i + r^))«i + (2)- 


Moreover, symbol E satisfies the two following lemmas. 

Lemma 4.3. 

(1) Let E £ £{£ + ,£f) and r > 0. Then there exist p £ R, g £ R and Cq > 0 such that 


S(C,T>I < Cq exp 



2 

max{p,(?}+r 


+ l^l-p) 


(4.1) 
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(2) Let E S £(£+,£+) and r > 0. Then, for any p > 0, there exist q > 0, and Co > 0 satisfying 

cm. 


Proof. We remark that 

C 

l|e + (C)ll*=£(2 


,n) 


n =0 


'-An 


(2 n)\ 




n =0 


for all a G R and ( € E A2 . 

(1) For r > 0, there exists p < —r and Co > 0 such that 


|“e + (C)|| P +r < C 0 ||e + (C)||-( p+r) < Co exp Q|C|£ +r) ^ < C 0 exp 


for all C e E A2 . Thus 


|S(C,??)| < ||He + (C)||p+r||e + (r/)|U (p+r) 
< Cq exp 


4r 

^r(ICI 2 _„ + M 2 _„) 


< Cq exp 


r n 4r 
P /i>i2 


-^“(Klmaxjp ,—p}+r + I 7 ?! -p) 


(2) For any r > 0 and p > 0, there exist g > 0 and Co > 0 such that 

||“e + (C)||p+r < C 0 ||e + (C)||g < C 0 exp QlClq) < Q,exp ^^-|C|g +r 


Hence 


\-(C,v)\ < Pe + (C)||p+r||e + (r/)|U (p+r) 


< Co exp 

< Cq exp 


n 4r 

P /1 /-i 2 


(ICgfr + Mip) 


n Ar 

P i\/-\2 


(Klmax{p,q}+r \^l\— p) 


Now we have to remark the following lemma. 

Lemma 4.4. Let f be a holomorphic function on C with Taylor expansion 


f(z,w) = £ ai tm z l w m 

l,m =0 


and let f satisfy 


| f{z, u>)| < Cexp(iti|2:| 2 + E' 2 |u;| 2 ), z, w G C 
for some C > 0 and K \, 7T 2 > 0. T/ien 
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Proof. See Lemma 4.4.8 of |Hj. I 

Lemma 4.5. Let K; m be elements of [E A ^ <g) £' A ( 2m ))* given by (I 3.61) . Let p, q E R, r > 0, 
Co > 0 be numbers given in Lemma Then it holds that 

Ar ~ 4 r — 

l(Jf,,»/«r)l<Ci(^)' (f£)” Hl p KC^ M+r (4.2) 

for any p E E A2 and l, m > 0. Therefore we have 

1 

(2Z)!(2m)! 

Proof. (I 4.211 follows from Lemma m Lemma El and 

/ / /-Am a l \\ 

for any z, w E C. We prove rot . Let ej, Aj be C.O.N.S. and eigenvalues given in Definition 
EH respectively. Now fix *i < ... < i 2 /i Ji < • • • < J 2 m and we put 

i 

rj = (An • • • A i2i )' (p+Q) A*. A e, 2s , 

S=1 

in 

V — (\. \. \max{p+c*,q}+r V'V\ . \. \-(max{p+a,q}+r) A 

S — VAjl • • • A J2ml / 4 A J2t-l A J2tl e J2t-l /X L/2f 

t=l 


lifi 


l,m |2£,2m;p,— max 


^ / r4 4r\/ 

{p+a,g}—r—a — P ) 2 I 



Then 


e»A...Ae fa , = ■ ■ ■ A i2 ,) (l ’ + “ )(, - 1 >A, 

1 

% A ... A e 33m = ^j(A 31 ... A . i _ i) -(m«(r+»,»i+ r )( m -l) c Am i 

k| 2 4 + «) = i '(A il ...A il ,)- 2 <»+«> 1 . 

| a|2to =m m (\ \ ■ \2(max{p+a,g}+r)m 

l> lmax{p+a,g}+r n V A J1 ■ ■ ' / '] 2 m) 


Thus, from iTOl) . we have 

I (Al,mi ( e h A ... A ej 2i ) <g> (ej 1 A ... A ej 2m ))| 


<<?o 


Z!m! 


ep 


,4 r \ l 


4 1 


ep 


\ 7TL 


4 m 


l^m 


l l m 


x (A n ... A ... Aj 2m ) 2 ( max fP+ a >9}+r) 


< ^(e^) 


4r\Z+m 


i 


r(Ah • • • Kr 2{p+a) Ah • • • Aj 2 m ) 2 ( max fp +a ’ , ?}+ J '). 


(2/)! (2m)! 

Here we used the following inequality 

(2Z)! = 21- (21 - 1) • ... 2 • 1 < 21 ■ 21 ■ ... ■ 2 • 2 = (2 l l\) 2 . 
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Therefore 


\2l,2m;p,— (max{p+a,g}+r+a) 

= El (cii A ... A ej 2i ) ® (ejj A ... A ej 2m )}| 


il<---<i2l,jl<-~<j2n 


X le^ A ... A ei 2 ilpl e j 1 A ■ ■ ■ A e j2ml-(max{p+Q!,q}+r+a) 


2 ( c Ar\l+m _ 


< C&ep*) 


1 


(2/)! (2m)! . 


E (A, 1 ...A i J- 2 “(A il ...A j2m ) 


—2a 




2 / r4 4 r\l+m 


< cj(esy 


1 


(2l)\(2m)\ 


Next, we discuss estimations for c(2l, 2m; 2k)* (iYz_fc,m-fc)> k = 1,2, ..., min{i,m}. 

Lemma 4.6. 

(4/ Let Xp m E (E A(a ) < 8 ) E A( ' 2rn ' > )* and r > 0. T/ien t/iere exist p £ R and q £ R with 
I A^m 12Z,2m;p+r,— q ^ TOO and W6 HaVC 


\^l,m{Xp m ) (Ci ^?) I — (dm!) 2 |A; im |2;,2m;p+r,-q e Xp 


4r 

P i ia|2 


(l^1max{p,q}+2r d - l^?l—p) 


(4.4) 


(2/ Let A z , m £ E A W®{E A ( 2m ^)* and r > 0. Then, /or any p > 0, t/iere exists q £ R satisfying 

CT11) . 

Proof. (1) From definition of an integral kernel operator, we have 

|‘ :=; i,m(Ai, m )(C! ^i)! 

OO 1 

= E7irTT( A ^ A 2mC A(m+n) ^ A( ' +n) ) 


n=0 

oo 


< E tAtIV* A 2 m C A(m+n) |p + ,|r / A( ' +n) |- (p+0 

,-n V Zn A 


n =0 

oo 


< £ ToW (p 2 (m+ ” )r |A,,„| 2 ,, 2 ro;p+ .,_,|C A( '” + ” ) U I « {p+ .. a)+r ) (p 2 <'+”>V< ,+ ">|- 

n=0 4 A 

< |A I ,„| a ,2 m; p + .,-,(p 1 ’'|ClL«{ M > + 2r) ¥ (p 4 ’'l>)| 2 -p)’ (£ ^/“’■|Cl»«. { „,, )+ 2rl-ll-p 

Therefore we obtain m by using 

°° (p 2 r |Clmax{p, 9 }+ 2 r) n (p 2r \p\- p ) n 




n=0 


m&x{p,q}+2r I l\ — p — 


< 


£ 

n =0 

( oo 

£ 

.n=0 


(n !)2 

io^ldl 2 

\r IS I max{p,g}+2r 


71! 


(n!) 2 

)” 1 4 fy. (P 4r |')| 2 -.)" 1 4 

n=0 
,4r 


n! 


= exp ^|Clmax{p,q}+2r) e X P 


19 

















and 


(ICI max{p ,q}+2r) m = ™\ ■ < m\exp(p* |CI^ {m}+2 ,)- 

( 2 ) is easily checked in the same manner as ( 1 ). I 

Lemma 4.7. Let be an element of (Ll A ( 2i ) ® L? A ( 2m ))* and p, q G R, r > 0 6 e numbers 
given in Lemma El LTien it holds that 

\(c(2l + 2 n, 2 m + 2 n; 2 n)*(A;, m ), r/ A ^ +n ) ® C A(m+n) }| 


< (Z!m!) 2 | A; jm |2Z,2m;p+r,—g 


ep 


Z+n m+n 

,4r \ 2 / e p4r \ 2 


l + n 


m + n 


H'-TIciSTfe,}^ < 4 - 5 ) 


for all C, rj G L1 A2 . 

Proof. Since 

OO 

S(A^)(*C,utf7) = X] (c(2t + 2n,2m + 2n;2n)nAz, m ),p A( ' +n )®C A(m+ri V Z+n - m+ri 

l,m=0 

for z, w G C, Lemma EH and Lemma i4~n imply (TT5l) . 1 

Lemma 4.8. Let A i-k,m-k be an element of (L? A ( 2, ~ 2fc ) 0 ^A(2m-2k)y an( ^ ^ g G R, r > 0 be 
numbers given in Lemma \4-6\ Then 

|c( 2 t, 2 m-, 2k) {^l—k,m—k)\2l,2m-,p,— max{p+a,g}— 2r—a 
1 

1 \ 2 ... .... ....I,. ~A A„sl±J2 


< 


(2/)!(2m)! / (( Z ~ fe ) ! ( m “ fc ) ! ) 2 ( 4e5 P T ) 2 |A/-fc,m-fc| 2 (Z-fc), 2 ( m -fc);p+r,-« ? (4-6) 

Proof. The relation (TO) leads us to 

|(c(2t, 2m; 2k)* (Xi- k , m -k), (e^ A ... A e; 2i ) ( 8 ) (e^ A ... A e J2m ))| 2 

( 4r* \ ^ / 4 t* \ ^ 

- (21)!(2m)! (( " " fc ) ! l A '-».™-»li(l-t),2( m -l.) 1 p +r ,-,( 4e P Jr ) ,+m 

X (A„ ... ... A ja „) 2 l”“(»+«.1>+ 2 '). 

(See Lemma EH) Thus we can show (I 4. (ill immediately. I 

We are now ready to give the estimation for Recall that Ki^ m is determined by H G 

£(<?+, £+) via (I 3.511 

Lemma 4.9. 

(1) Let S G £{£+, £+) and r > 0. Then there exist p G R, q G R, C\ > 0 and C *2 > 0 sncd 
that 


I ^Z,m| 2l,2m;p,— max{p+r+a,g}—3r—2a — C'l{f~'2P ) 


1 


(2Z)!(2m)! 


(4.7) 
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(2) Let E E C(£ + ,£ + ) and r > 0. Then, for any p> 0, there exist q > 0, C± > 0, and C 2 > 0 
satisfying (TO) . 

Proof. We see only (1). From Lemma 1-4.51 we can take p E R, q E R, and Co > 0 satisfying 

|A^_ fc!m _ fc | 2(z _ A;)i2(m _ fc);p+r) _Q < C 0 (e<5 4 p 4r ) 2 (( 2 /_2fc)!(2m-2fc)! / 

for all l, m > 0, 0 < k < min{7, m}. where 

Q := max{p + r + a,q} + r + a. 

Hence implies 

|c(2^, 2777., 2fc) (A;_/ c m _/ c )|2; !2m; p i _ max{p+a,Q} —2r—a 

( 20!(2m)! ) ^ ~~ “ ^)!)^( 4 ^ 4 /5 4r )^|70-fc, m -fc|2(/-fc),2(m-fe);p+r,-Q- 


< 


<C 0 


1 


(2/)! (2m)! 


2 r 4 ir l+m / /I, i+m-2fc 

(4e<5 p ) 2 (e5 ) 2 


Here 


maxjp + a, Q} + 2r + a = Q + 2r + a = max{p + r + a, q} + 3?’ + 2 a 
and we obtain the following estimation for Ki :Tn : 

| Kl ,m\'2l,2m;p,— max{p+r+a,g}—3r— 2a 

1 


<C 0 


‘2r(l+m ) 


(2l)\(2m)\ 

min{Z,m} 


+ (2C 3 ) i+m £ 


C. 


[ c l 3 +m 

1 (2Z)!(2m)! 

( l—k)+{m—k) 


(21 — 2k)\(2m — 2k)\ 


E 


(Aii 


(2fc!)!...(2fct)! 


where C 3 := (e<5 4 )2. Since 


E 


1 


< 


1 


V -\ /c! 1 \ T r ^ V jj, 

(. J = ».k i+ - + 1) 


< e‘ 


1 

~k\ 

/c+1 


^ i /»Ai+l 

E‘‘ 4 / 

t=i 


t k dt= {k + 1) 


k-\~ 1 


(fc + l)! 


it holds that 


min{i,m) „(Z-fc)+(m-fc) 

E L 3 _ 

(2/ — 2k)\(2m — 2k)\ ^ 

k =i v v ' (fci,-,fc t )en fc 


1 


(2fc 1 )!...(2fc t )! 


' min{Z,m} 


< 


E 


(VC5) 


21 


-2k\ / min{Z,m} 


—J (2l-2k)\ II ^ (2m-2k)\ 


E 


(v^) 


2m—2k 


D min{Z,m}+l 


< e 


gx/CsgmintZjmt+l 
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Therefore we obtain 


I ^1,171 12Z,2m;p,— max{pH-r+a,<y}— 3r—2a 

< C 0 ( (2Z)! ( 2 . /?2)! ) 2 p 2 ^ +m V +2 ^(l + e m i n {l,m}(2C 3 ) l+m 

S c » ( tm^y. ) 1 ********* ' 2 2eCs}^ 

where 

Ci := 2C 0 e 1+2v/C \ C 2 := max{l, 2eC 3 }. 


Lemma 4.10. Fock expansion (TO) converges in £+(resp. £ + ) with respect to the topology of 
£f (resp. £ + ) ifEe £(£+,£+) (resp. E G C(£ + ,£+)). 

Proof. Due to EH> and (TT7I) . 


|‘^Z,m(^Z,m) 0 ||p 

< p~+2m) m (2l) 1 


l+m 


p 


—re log p 


X |KZ,m 12Z,2m;p,— max{p+r+a,g}—3r—2a II011 max{p,max{p+r+ct,q}+3r+2a}+r 

r \ l+m 


<c lP ~ 


_ r f(2m) 2m (2l) 


\2Z \ | 


(2/)! (2m)! 


C 2 p : 


2r 


—re log p 


I max{p+a,q , }+4r+2Q; • 


Put 






R 

C± 

P- P ~\ 

> 0 



2 

log p 2 


By using 






(21) 21 

- < e 21 . 

(2rn) 2m 

< e 2m , 


m 


(2m)! 


we have 






|| 1=; Z,m(^Z,m)0||p 

< c lP 

~ r 2R l+m ||0|| 

max{7?+a,q , }+4r+2a 


Now, if we choose sufficiently large r > 0, then R < 1 holds. Therefore 

OO 

y 11 •—‘Z,rra ( K Z,m)0||p — _ ry \2 H0|lmax{p+a,ij}+4T-+2a 

Z,m=0 ' 2 


and this implies YlTin=oEi,m{^i,m)4> converges in £f (resp. £ + ) with respect to the topology of 
<5^ (resp. £ + ). I 
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5 Fock expansion for the fermion system 

In this section, we extend result of section |3] to the whole of the Fermion system. In order to 
make the white noise calculus for the Fermion system, we mention properties for creation and 
annihilation operators for the Fermion system. 

Definition 5.1. 

(1) For / £ E*, we define an annihilation operator a(f) £ £(£,£) as follows : 

a(/) :£ 3 (j) = On)nez>o ^ a(f)cj) £ £, 
a{f)<j> n ■= n ■ f Ai 4>n, n > 1, 
a(/)0o = 0. 

(Well-definedness and continuity of a(f) is discussed in the following lemma. ) 

(2) For / £ E*, we define a creation operator cY(f) £ £{£*,£*) as follows : 

a\f) : £* 3 4> = (^n)nez>o ^ a\f)(j) £ £*, 
a ] (f)ct)n ■■= f A <j)ni n> 0. 


(3) For f € E* and (Z, m) £ {(1, 0), (0,1)}, put 




a f (/), if (/, m) = (1,0), 


a(f), if (l, m) = (0,1). 

a(/) is a map from £1 to £ and is a continuous map as follows: 

Lemma 5.2. Let p, q £ R, r > 0, and f £ E*. Then 

1 

„—2r 


|| a (tm)(/)</|| p < \—2re\ogp) \f\ m L-(q+r),p ll^llmax{p, 9 }+7- ) <\> ^ £■ 

Thus we have the following properties (l)-(3). Let a be +, —, or a blank. 

(1) a (f)\e a £ £(£ a ,£-cr) for f £ E*, 

(2) at(f)\ £ir €£(£„,£-„) for f€E, 

(3) at(/)| £ . = a(/)% G £(£*,£/,) /or / £ £*. 

Proof. (I 5.111 can be shown by using Lemma l.3.41 and (I 3.21) . In fact, we have 


K /)</||l = - !) ! l nf A 1 (f n 


n= 1 
oo 


< 


n! • VH/l-gl/’nlLxOvd+r 


77 .— 1 


< (s-up(ra + i)p 2nr ) |/|- y ||/>|lLx{p, g }+r 


< 


2r 


2relogp/ I“911 climax- (p,g}+r 


(5.1) 
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and also have 


ot (/)^> =Y 2 (n+l)\\f A(j) ri 


n =0 
oo 


< J2 n\ ■ (n + 1) p^ nr | /1p | (fn | max{p,g}+r 
n =0 

< (s 'Mn + l)p 2nr ] |/|p11011max{p,g}+r 


< 


2r 


_2re log p I ^P^^ max {p-'?}+»" 


(1) We take any p > 0 and r > 0. Then we choose q > 0 with \f\- q < +oo and this implies that 
a(f)\z a G L{£ a ,£- a ). (2) is obvious. (3) follows from (1). I 

Creation and annihilation operators satisfy the following commutation relation, called canon¬ 
ical anti-commutation relations. 

Proposition 5.3. For f G E and g G E*, we have 

{a t (/),a(c ?)}0 = (g,f) <f 

for all G £ a . (a is or a blank. ), Moreover 

(a f (/) + a(J/)) 2 ^ = (f 


for all 4> £on £ a for f G E with (/, /)q = 1. ifere Jf £ E is the complex conjugate of f £ E. 
Put 

n 

dT(A)W := l® (i_1) ® A <8 1 ®^"*) 

Z=1 

for a linear operator A G £(£1, F?*). 

Lemma 5.4. (1) For f, g £ E*, we have 

a Hf) a Hg)\s+ = Si >0 (/ A 5), (5.2) 

a(/)a(5)|f+ = So,i(/ A 3). (5.3) 

(2) Let (/ <8 g)h := ( 3 , h) / for f, g £ E*, and h & E. Then we have 

at (/)«(5) \s+ = Si,i((l 2 <8 dT(f <8 3 ) ( 2 ) )*r) (5.4) 

where r G (E A2 )* <8 (E A2 )* is defined by t(/,t?) := (£,77) /or all / G (E^ 2 )* and rj G E A2 . 

Proof. (1) is easily checked. We show only (2). For any hi €. E (i = 1,2,... ,2n), we have 


aHf) a (g)hi A ... A h 2n 


2n 

E(" 1 )- 1 hi) f h hi A... A hi -1 A hj+1 A ... A h 2n 

Z— 1 


2n 

^(-1 ) l_1 (/ (8) g)hi A hi A ... A hj_i A hj +1 A ... A h 2n 

Z=1 

dr(/(8 3 ) (2n) ^i A... Ah 2n 
dT(dT(/ <8 3) {2} ) {n) h 1 A ... A h 2n . 


Thus we have (I 5 . 41 ) . (See proposition 4 . 6.13 of p|.) 
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Let Ei jm (n) E £(£+, £+) be an integral kernel operator with a kernel distribution k. Let / 
be an element of E with (/, /)o = 1 and VF(/) := Gd(/) + a(Jf). Then we also call all operators 

integral kernel operators for the sake of convenience. Now we give the main theorem of this 
paper. 

Theorem 5.5. Every E E £{£,£*) is realized as a series of integral kernel operators. 

Proof. Note that for E E £(£,£*) there exist unique E Q/ g E £(£p,£*) (a, [3 E {+, —}) such that 


S = E ++ + E_|— + E—1_ + S 


Thus we have only to show that each E Q/ g E £(£p,£ff) is realized as a series of integral kernel 
operators. 

Let E_j_be an element of C{£-,£f) and / E E satisfy (/,/)o = 1. Note that E^_W(/) 

is an element of £(£+,£+). Then, from theorem 13.1 1 1 there exists a unique kernel distribution 
AC-I_ (l, m; /) such that 

OO 

s +-bh(/)= Y E i,m{K+-(l,rn-J)). 

Z,771=0 

Thus we have 

OO 

S + _=E + -W(f) 2 = Y 3,, m (« + _(i,m;/))W(/). 

Z,m=0 

In the same manner, for H_|_ G £(£+,£1), we have k _|_(Z,ra;/) with 


OO 

E_ + = (LL(/n 2 E_ + = Y W(f)*E lim (K-+(l,m-,f)). 

Z,ra=0 

Since W(f)* E_ W(f) E £(£+,£+), there exists a unique kernel distribution n _ (l, nr, f) satis¬ 

fying 

OO 

E— = (W(f)*) 2 E — W(f) 2 = Y W{fy~ hm {n^{l,m-f))W{f). 

Z,777=0 

For S ++ E £(£+,£+), we also have a unique kernel distribution K ++ (l,m) satisfying 

OO 

=++ = Y E l,rn( K ++(l’ m ))- 

l,m =0 


Therefore we obtain 

OO 

1=1 = ^ “ l,mi 
l,m =0 

where 


Sz, m = E i tJn (K ++ (l,m)) + E i. m (K + -(l,m; f))W(f) 

+ W(f)*E l>m (K_ + (l, m; /)) + LF(/)*E Zim (K__ (Z, m))TT(/). 
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